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Vortex shedding from a rectangular prism and a circular
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Measurements of the vortex-shedding frequency behind a vertical rectangular prism
and a vertical circular cylinder attached to a plane wall are correlated with the
characteristics of the smooth-wall turbulent boundary layer in which they are
immersed. Experimental data were collected to investigate the effects of (i) the aspect
ratio of these bodies and (ii) the boundary-layer characteristics on the vortex-shedding
frequency. The Strouhal number for the rectangular prism and the circular cylinder,
defined by § = fow/U, and f.d/ U, respectively, was found to be expressed by a power
function of the aspect ratio A/w (or &/d). Here f, is the vortex-shedding frequency,
U, is the free-stream velocity, 4 is the height, w is the width and d is the diameter.
As the aspect ratio is reduced, the type of vortex shedding behind each of the two
bodies was found to change from the Karman-type vortex to the arch-type vortex
at the aspect ratio of 2-0 for the rectangular prism and 25 for the circular cylinder.

1. Introduction

Walkes behind bluff bodies are so frequently encountered in engineering applications
that researches have been conducted in large numbers and massive data accumulated.
In particular, since von Kdarman elucidated theoretically the vortex street formed
behind a body, numerousreports have been published on theoretical and experimental
aspects of the vortex street, including its formation mechanism (Nishioka & Sato
1978), stability (Taneda 1963), collapse (Taneda 1959), and effects of the wall on it
Bearman & Zdravkovich 1978). Most of these studies are concerned, however, with
uniform approaching flow. Meanwhile, the vortices formed behind a three-dimensional
bluff body attached to a plane wall have such a complex nature that they pose difficult
and interesting problems calling for further investigations.

In the neighbourhood of the base of a three-dimensional bluff body an adverse
pressure gradient will be produced as a result of deflection of flow by an obstacle.
Therefore a boundary layer will be forced to separate from the plane boundary wall
and one or more vortices will be induced, being stretched around in the shape of a
horseshoe. Then the flow will roll up into a number of continuously generated
horseshoe-shaped vortices, wrapping up the base of the bluff body and trailing
downstream subsequently in multiple vortex pairs with their axes parallel to the
direction of the main flow. Thus these vortices will persist, moving with the stream,
until they reach fairly far downstream. Furthermore, one main feature of the flow
over the three-dimensional bluff body is its separation from the top and both of the
side surfaces; thereby the separated flow is shed periodically downstream as an
arch-type vortex.



148 H. Sakamoto and M. Arie

Researches on the horseshoe vortex formed around the base of a bluff body
attached to a plane wall have been carried out by several authors (e.g. Furuya &
Miyata 1972; Norman 1975; Castro & Robins 1977 ; Hunt ef al. 1978). A fairly recent
study was reported by Baker (1979). He investigated experimentally the horseshoe
vortex formed around the base of a cylinder by a separating laminar boundary layer,
and found that both steady and unsteady vortex systems exist.

On the other hand, experimental investigations on Strouhal numbers and the
system of the vortex shed behind a bluff body attached to a plane wall have also been
reported by several authors. Through their measurements of Strouhal numbers
obtained by changing the aspect ratio of a circular cylinder of finite height which is
placed on a plane wall, Okamoto & Yagita (1973) made it clear that the Strouhal
numbers vary with spanwise positions of the cylinder. From measurements of
Strouhal numbers of a rectangular prism and a circular cylinder of finite height that
is placed on a plane wall, Vickery (1968) reported that the Strouhal number decreases
with decreasing aspect ratio in both cases. Meanwhile, Mochizuki (1961) investigated
experimentally, using a visualization technique, the wake flow behind a sphere of
various diameters on a plane in a laminar boundary layer, whereby she demonstrated
that the wake begins to be deformed periodically and a characteristic row of the
arch-type vortex is formed. In particular, Okamoto, Yagita & Kataoka (1977)
observed the arch-type vortex behind a cone on a plane wall and suggested that the
vortex changes from the arch type to the Kdarméan type with changing geometrical
size of the cone.

However, a systematic investigation aimed at clarifying a relationship between
variation of the geometrical size of a body and the type of vortices shed behind it
has not been performed yet. The present study concerned itself principally with the
Strouhal number of vortices shed behind a three-dimensional bluff body and
elucidates experimentally differences existing in Strouhal number and type of
vortices shed behind a body in a turbulent boundary layer in terms of the aspect ratio,
using a prism of a square cross-section and circular cylinder, which are considered
to represent the typical shapes of three-dimensional bodies attached to the plane wall.

2. Parameters to be included

The governing parameters in describing the Strouhal number of the rectangular
prism and circular eylinder attached to a plane wall on which a turbulent boundary
layer exists will now be considered. Since the bodies are immersed in a turbulent
boundary layer as shown in figure 1, the characteristics of the boundary layer must
first be specified.

As one of the simplest cases of turbulent boundary layers, one considers a fully
developed boundary layer with zero pressure gradient along a smooth flat plate
aligned with the main flow. The characteristics of the boundary layer such as the
thickness 8, the surface shear stress 7,, the shape factor H are functions of the Reynolds
number Ry = U,X/v, where X is the longitudinal distance measured from an
appropriate virtual origin of the boundary layer. In practical cases, however, the
determination of the origin for X is usually rather difficult. Therefore it may be more
reasonable in practice to describe the characteristics of the boundary layer in terms
of the local values of boundary-layer thickness, the surface shear stress and so on
at the position where the test bluff body will be located rather than in terms of the
Reynolds number. Hence the boundary-layer velocity distribution that would be
measured at the location of the bluff bodies if they were absent is taken as the
reference profile in the present work.
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-
Ficure 1. Coordinate system and definition sketch.

According to Coles (1956), the longitudinal velocity component in the equilibrium
turbulent boundary layer can be expressed as

1 II
Lotmyoru(Y), (1)
U, K v K é
where k and C are universal constants, w is a universal function of /¢ usually called
the wake function, and IT is a profile parameter. Since = U, at the position of y = 6,
(1) may be written as
U, 1. ¢ II
=~In i+0+ — (1), 2)

28

Accordingly, from (2), the equilibrium turbulent boundary layer of this type can
be described in terms of four parameters: the free-stream velocity U,, the boundary-
layer thickness 8, the friction velocity u, and the kinematic viscosity v. The variables
characterizing the geometrical shape of the two bodies dealt with in the present paper
are determined as follows: the height 4 and the width w in the case of the rectangular
prism, and the height 2 and diameter d of the circular cylinder.

Therefore the functional relationship for the frequency f, of vortex shedding from
the prism and the cylinder placed vertically in a turbulent boundary layer can be

written as
f f(h7 u‘ra U(),ﬂﬁp’hvword)' (3)

By dimensional analysis, one gets the following functional relationships from (3):

A AR (R ). ®
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Since three parameters u,/U,, /6 and hU,/v included in the right-hand side of (4)
are connected with one another by (2), two of them can be changed independently.
Accordingly, the functional relationship of (4) can finally be put in the form

u, h b h
S =fl +,5 —or=|.
fz(Uo’a’w°rd>
Consequently, the main purpose of the present investigation is to clarify the

functional relationship of (5) by varying the above sets of three non-dimensional
parameters.

(5)

3. Experimental equipment and procedure
3.1. Wind tunnel

The experimental work was carried out in two closed-circuit wind tunnels installed
at the Kitami Institute of Technology. All the measurements for the Strouhal number
were undertaken in a wind tunnel with a uniform test section 0-4 m high, 0-4 m wide
and 4 m long. A series of four turbulence-reducing screens are installed in the settling
section upstream of the contraction channel (contraction ratio 14:1), and the
free-stream turbulence level in the test section is about 029, at the maximum
free-stream velocity of 20 m/s that was employed in the present experiment. The
ceiling of the test section of the tunnel is made of a flexible sheet of stainless steel
so that its shape can be adjusted to remove the longitudinal pressure gradient. Also,
the floor of the test section of the wind tunnel consists of a smooth plastic plate of
thickness 10 mm, except for a steel plate 460 mm wide on which a test body was
mounted, in order to eliminate the effect of the roughness of the surface, because the
floor itself is used as the plane boundary along with the turbulent boundary layer
develops.

Vortices formed behind a body were observed by the smoke-wire method in a
closed-circuit wind tunnel, which had a uniform test section, 180 mm x 180 mm in
cross-section and 2 m in length. A test body was placed on an acrylic plate 3 mm in
thickness, which was put horizontally in the measurement portion, with the distance
of 40 mm between the upper surfaces of the plate and the floor.

3.2. Visualizing apparatus

A visualizing apparatus using the smoke-wire method (see Torii 1977) consists of a
discharge circuit (applying the current to a smoke wire), a delay circuit, a stroboscope
(illuminating smoke streams) and a camera (photographing them). A smoke wire
0-2 mm in diameter is made of Nichrome; given sufficient tension, it is fixed onto a
probe made of a stainless-steel pipe 6 mm in diameter. The oil was a mixture of liquid
paraffin and kerosene, which was painted uniformly on the Nichrome wire with a fine
writing brush.

3.3. Test bodies

Prepared for the present experiment were several rectangular prisms, each with a
square cross-section, and circular cylinders. The heights selected for measuring
vortex-shedding frequency behind the prism were 25, 37, 50, 60, 70 and 83-5 mm, and
the aspect ratio h/w was varied in a range between 0-5 and 8:0. The heights of the
cylinder were 21, 33, 45, 58, 74 and 88 mm, and the aspect ratio #/d was varied in
a range between 1-0 and 8-0. Prism widths and cylinder diameters were selected for
each aspect ratio of the prism and cylinder. Also, the prisms of five different aspeet
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ratios (h/w = 1, 2, 3, 4 and 5) with various heights (b = 15-132 mm) were prepared
in order to examine an effect of the parameter £/8 on the Strouhal number. Further,
for flow visualization in the wake of the prism and cylinder the heights of the bodies
selected ranged from those approximately buried in the boundary layer to those
protruding slightly from it.

3.4. Detection of the vortex shedding

For measuring the frequency of vortices shed behind a body a probe of a constant-
temperature hot-wire anemometer was placed at a position (x/w = 2-0, y/h = 06,
z/w = 0-6-1-0) for prisms and a position (z/d =20, y/h = 05, z/d = 0-6-0-7) for
cylinders. The hot-wire signal was recorded on a data recorder. The data were later

processed by a data-acquisition and analysis system (Kyowa Dengyo Co.:
DAAS-500A).

3.5. Characteristics of the turbulent boundary layer

The turbulent boundary layer developing along the smooth floor of the test section
was employed in the present investigation. In this subsection it will be ascertained
whether a fully developed equilibrium turbulent boundary layer was established or_
not at the location of the test body.

The mean-velocity profile in the boundary layer agreed well with the data of
Kelbanoff & Diehl (1952). The mean-velocity profile in the region near the wall was
confirmed to follow the logarithmic law suggested by Coles (1956):

u ) yu,
u—1—57510g ” +51. (6)
The distribution of the longitudinal turbulence intensity in the boundary layer at
the location of the test body agreed well with Klebanoff & Diehl’s (1952) data.

The two-dimensionality of the flow in the boundary layer was examined by
measuring velocity profiles at several positions in the direction normal to a free
stream. The results showed that a satisfactory two-dimensionality at the location of
the test body was realized in the region of 200 mm, which included the centreline of
the test section. Further, the flexible ceiling of the wind tunnel was so adjusted as
to yield zero-pressure gradient in the streamwise direction. Since the maximum
deviation of pressure from the mean value was within +0-1 9% of the dynamic pressure
of the free stream, it may be judged that the condition of zero pressure gradient has
been satisfactorily realized.

From the above, it would be concluded that the turbulent boundary layer
employed in the present investigation had the same characteristics as a fully
developed equilibrium turbulent boundary layer along a smooth plane wall under zero
pressure gradient.

The characteristics of the undisturbed boundary layers at the location of the test
body are summarized in table 1. The tripping rod of diameter d, included in this table
was attached at the entrance of the test section in order to change the characteristics
of the boundary layer. Also, the turbulent boundary layer with thickness § = 30 mm
was prepared particularly to examine the Strouhal number of the prisms with five
aspect ratios (see figure 11) when A/8 are large.

The flow visualization around the prisms and the circular cylinders was performed
by the smoke-wire technique at a fixed free-stream velocity U, = 0-7 m/s in the wind
channel. In this observation, the boundary layer was laminar and its thickness was
about 20 mm at the location of the test body.
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Run 1 2 3
Free-stream velocity U, (m/s) 10 15 20
Tripping rod d, (mm) 6 6 6
Boundary-layer thickness é (mm) 580 595 59-2
Displacement thickness a* (mm) 8173 815 810
Momentum thickness 0 (mm) 6-50 613 6:12
Shear velocity o, (m/s) 0-393 0570 0746
Shape factor H 1-34 1-33 1-32
Reynolds number Ry 4128 5906 7332

TaBLE 1. Characteristics of the undisturbed turbulent boundary layer at the location of prisms and
cylinders

'(f)/ E u'(f) max
(=)
S

1. 1 I
0 50 100 150 200 250 300 350 400
Frequency (Hz)

Ficure 2. An example of vortex-shedding frequency and power spectrum of fluctuating velocity
downstream of prisms of height 37 mm (k/8 = 0:62) and aspect ratios 1-8.

4, Presentation and discussion of results

Shown in figure 2 is the power spectrum K, ;, of the fluctuating velocity «’
downstream of prisms of height 37 mm (k/& = 0-62) placed in a boundary layer shown
as run 2 in table 1. In the figure the ordinate respresents the value of the power
spectrum K, (s, the value being non-dimensionalized using the maximum power
spectrum Ky ;) max, Whereas the abscissa represents frequency f(Hz). As is obvious
from the figure, a prominent prevailing frequency f, is observed behind each of the
prisms over the aspect-ratio range from 1 to 8; it is suggested that vortices with this
prominent f, are shed behind the prism. In a range of k/w less than 1-0, however,
no prominent f, is found for the rectangular prisms adopted in the present
experiment. Moreover, it is shown in this figure that, with decreasing %/w, the
difference between the peak spectrum at the prominent f, and the magnitude of the
spectra at other frequencies becomes smaller gradually, and, accordingly, it is then
likely that the strength of the vortex shedding from the prism decreases.
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FicUre 3. Strouhal number versus aspect ratio A/w for prisms of various heights in the
Reynolds-number range (defined as Ugw/v) 3:06 x 10°-8-2x 10%: O, h/d = 0-42; A, 0-62; [], 0-84;
s 1015 +, 118; @, 140.

Shown in figure 3 is a relationship between the aspect ratios of rectangular prisms,
with a range of heights and widths, and the Strouhal number 8, which is defined by

S:%’f. (7)

The parameter u,/U, has a constant value for all data included in figure 3. Each line
that has a nodal point in the vicinity of A/w = 2:0 shown in figure 3 is the best-fit
line obtained by the least-squares method. Most of the data were included within the
+ 39 region around each line. The same degree of accuracy was also obtained for
all the other Strouhal numbers that were measured in this study. As is obvious from
figure 3, with increasing h/w we notice an increase in S for all rectangular prisms.
Moreover, 8 may be expressed as a power function of A/w for each value of 2/4. It
is worth noting that in the vicinity of A/w = 2-0 a different behaviour of § is observed
with regard to h/w. It appears that this difference results from a change in shed
vortices behind the prism, as will become obvious from the flow visualization to be
discussed later. From the abovementioned result, 8 for a rectangular prism can be
written as -

s=a 2" (ro<heza), o
w w
8 = 02@) ’ (ﬁ > 2-0), (8b)
w w

where the coefficients C;, C,, n, and n, are functions of 2/ alone, and are given in
figure 4.
The smoke patterns in the wake of the rectangular prisms are presented in figures
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Ficure 4. Relation between coefficients C,, C,, n,, n, and 2/8: A, C}; &, Cy; O, ny; @, 7y,

5(a, b). In all the flow patterns, a smoke wire was set horizontally at the position
(0-5-0-7)% above the floor of the tunnel. Although the boundary layer was laminar
when visualizations were made, the qualitative nature of the wake flow patterns is

assumed to be unchanged. Vortices formed behind a rectangular prism are classified
into two major types: the first is the so-called Kdrman vortex street in which a pair
of vortices are arranged asymmetrically; the second is the so-called arch-type vortex
in which a pair of vortices are arranged symmetrically as shown in figure 6. As is
obvious from the figure, for prisms of & /w not larger than about 2-0, the wake vortices
belong to the second type, and for those of A/w > 2:0 the vortiees belong to the first
type. This change of vortex patterns is reflected by a change in the variation of
Strouhal number in the vicinity of k/w = 2:0 (see figure 3). Alternate formation of
the first and the second type of vortices was observed in the vicinity of &/w = 2-0.
The probable reason for this change is that, when the side of a rectangular prism is
relatively larger than the width of the prism, the flows separating from both sides
are so much stronger than the flow from the top that the wake behind the prism is
almost controlled by the flows from the sides. Consequently, the flows separating
from both sides form the Karmén-type vortex street. With an increase in the width
of the prism, the flow separating from the top end of the prism increases in strength;
as a result, the flow from the top end joins the flows from the sides, forming an entity
in the arch-type vortex, and is shed behind the prism. Moreover, when the vortices
are of the second type, the width of the wake is much smaller than in the case of
the first type. Accordingly, it is conjectured that the velocity fluctuation caused by
the shedding of the second type becomes smaller than that in the first type.
Consequently, when vortices change from the first type to the second type, the level
of fluctuating velocity caused by the vortex shedding approaches the level of other
irregular fluctuating velocities; thus the prominent prevailing frequencies are no
longer detectable in the range smaller than h/w = 1-0.

Figure 7 shows § = f.d/U, for circular cylinders, with a range of heights and
diameters, plotted against the aspect ratio k/d. Measurements were made by keeping
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u,/ U, constant, since it was made obvious that in the case of the rectangular prism
this parameter has little effect on S, as mentioned below. It is observed from this
figure that for a cylinder of any height, values of S are distributed on each line that
has a kink in the vicinity of 2/d = 2:5, which is believed to come from the change
of wake vortices from the arch-type vortex to the Kdrmén-type vortex, as was seen
in the case of the rectangular prism. Moreover, regardless of the height, it was not
possible to detect the prominent prevailing frequency f, for 2/d < 1-5.

The foregoing result and figure 7 lead to the following empirical equations, which
give § for a circular cylinder of finite height in a range of 2/d < 8:0 in the form

S = @(3)"3 (1-5 < % < 2-5), (9a)
S = q(%)”‘ (g > 2-5), (9b)

where the coefficients C, C,, n,, n, are functions of 4/8 alone, and are given in
figure 8.

Next, figures 9(a, b) show the result of the flow visualization. As is obvious from
the figure, the vortex is observed to change from the arch-type vortex to the
Kédrmaén-type vortex in the vicinity of 2/d = 25; it is understood that this change
corresponds to the change in the Strouhal number shown in figure 6. Moreover, it
is observed in this vicinity that the two types of vortices are formed intermittently.

Figure 10 shows the distribution of the correlation coefficient R,, of the
longitudinal velocity fluctuations in the shear layers separated from the sides of
rectangular prisms of height A = 70 mm (h/8 = 1:18). For h/w larger than 2-0 there
exists a negative value of the correlation, which indicates that the phase differs by
almost half a period on both sides of the prism. For 2/w less than 2-0, however, R,,,,.
approaches zero rapidly; this feature is believed to result from the change of wake
vortices into arch-type vortices.

Shown next in figure 11 is the result of a study using five different aspect ratios
(h/w=1,2,3, 4 and 5) of the prism with various heights (h = 15-132 mm). In this
plot, the effect of the parameter £/4 on the Strouhal number S is made clearer. It
is observed that for all the aspect ratios, values of S collapse onto each line, and that
they have an approximately constant value of 0106 when %/ exceed about 3-0.
Figure 12 shows a comparison of § for a prism having a sufficiently large height-
compared with the thickness of a boundary layer. The data obtained by Vickery
(1968), Kamei (1976), and by this experiment in a range #/8 > 3-0 are also included
in this figure. Values of S are approximately constant in a range § = 0-100-0-108 in
the cases studied by Vickery (h/w < 5) and Kamei (h/w < 8-0). Accordingly, it is
concluded that § is not subject to the influence of the boundary layer existing on
the floor in the range A/ > 3-0.

Figure 13 shows the distributions of the Strouhal number § at different spanwise
positions y/k for four different aspect ratios (h/w = 1-5, 3, 5 and 8). The Strouhal
numbers are constant over almost the whole span in each case. This agrees well with
Kamei’s result, in which § along the height of the prism is constant for A/w up to
80.

From the description so far, it is clear that, when u,/U, has a constant value, S
for the prism depends on two parameters h/w and A/8 contained in (5). Examined
next is an effect of another remaining parameter u,/U, on S. Three different values
of this parameter (runs 1, 2 and 3 in table 1), are tested for the prism with A/w = 5.

6 FLM 126
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Ficure 6. Sketch of two types of vortex formed behind the prism.
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Fiaure 7. Strouhal number versus aspect ratio k/d for cylinders of various heights in the
Reynolds-number range (defined as Uyd/v) 2:6 x 10°-5-7x 10*: O, /8 = 0:35; A, 0-56; [, 0-76;
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Figure 14 shows the result of this examination. It is obvious that its effect on S is
not prominent and that the data collapse onto a single line regardless of the values
of u,/U,. It follows then that among the three parameters contained in (5) the
parameter u, /U, is considered to have only a slight effect, while 2/w and %/ have
almost dominating effects. Note that «, /U, changes only slightly in this experiment;
thus it will become necessary to investigate the effect of u, /U, over a wide range on
S in the future study.

The foregoing results show that, given the aspect ratio and the thickness & of a
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turbulent boundary layer at the location in which the prism or circular cylinder of
finite height is to be placed vertically in a turbulent boundary layer, then the Strouhal
number S can be obtained from (8) and (9).

5. Concluding remarks

The present paper has described experimentally the vortex shedding from prism-
atical bars of rectangular and circular cross-sections of finite height, which are
attached to a plane wall, with a turbulent boundary layer developing along the wall.

Two types of vortex are formed behind the body, depending on the aspect ratio;
they are the arch-type vortex and the Karman-type vortex. The former appears at
an aspect ratio less than 2:0 and 2-5 for rectangular and circular cylinders, respectively,
whereas the latter appears for the aspect ratio greater than the above values. This
change of the wake vortices is reflected by a change in the variation of Strouhal
number with aspect ratio. An empirical relation is obtained to estimate the Strouhal
number in terms of the body shape and the boundary-layer characteristies.



H. Sakamoto and M. Arie




161

Vortex shedding from a prism and a cylinder

‘06 () "0-F (aD) t0-g (1) ‘gL-g (W) 'G5 = p/y (1
189013104 9d £3-UBWIB Y] 018 80010104 OXYBM oY, (9) "CL-g (4) 1 G-g (AD) L5 (1) SG.T (1) {Q.] = P/y (1) 189013104 od £3-yo1e are s9013104 oY em oY, (D)
20T X 3601 X (-3 (@/p°(] 9% pouyep) eFuel taquunu-spjoudoy a3 W G-[ ~ (-1 = ¢/y Jo SIBPUIAD JO 9X{em Y3 Wl sutet3ed 94OWs oY, ‘6 HEADI

()




162 H. Sakamoto and M. Arie

02 T 7T T T T 7T T T T T T T
o
[V} o B
—02F .
R .. —04} 4
° o
8 g , °o
—0:6{} 5 " g 43_3_ m
o
—0-8|} 4
~1-0j L T N S T U | 1 1 1 ! IS T B |
03 05 07 1 1-5 2 3 4 5 6 78910

h/w
Ficure 10. Variation of correlation measured at the sides of prisms of height 70 mm (k/§ = 1-18)
with aspect ratio 2/w.
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Ficure 13. Transition of Strouhal number with spanwise position y/A for prisms of height 835 mm

(h/8 = 1-40) and aspect ratios 1-5-8.
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F16URE 14. Strouhal number versus parameter «, /U, for prisms of aspect ratio 5: A,
u, /Uy = 00393; O, 0-:0380; O, 0-0373.
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